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\0 ' Abstract 

In this paper we review recent results on symmetries in A/" = 4 super Yang-Mills theory. 
t^ ■ Symmetries are of invaluable help in studying and constraining the scattering amplitudes, and 
there has been a lot of progress in recent years concerning this topic. It has been realised that 
the ordinary superconformal symmetry is not the full symmetry of this theory. There is indeed 
a dual superconformal symmetry, and together they form a Yangian structure, pointing to the 
k>( ; underlying integrability of the theory. Here we give an overview of the Yangian algebra and of its 
^H ' action on the scattering amplitudes, at tree and loop level. This article is an invited review for 
the Focus Issue Gauge/String Duality 2011 of Advances in High Energy Physics. 



1 Introduction 



Much attention has been recently devoted to A/" = 4 supersymmetric Yang-Mills theory (SYM). It 
reveals indeed many interesting features, which turn out to be very useful even for less supersym- 
metric theories. In particular, it has been shown that in the planar limit it possesses a very large 
symmetry. In addition to the ordinary superconformal, indeed, it has been discovered the pres- 
ence of a distinct hidden symmetry, not visible at the Lagrangian level. This dual superconformal 
symmetry was revealed at weak coupling by considering the amplitudes in a dual space and it is 
related to the duality between maximally-helicity violating (MHV) amplitudes and light-like Wil- 
son loops. The combination of the two symmetries forms a Yangian structure, which points once 
more at some underlying integrability of A/" = 4 SYM. The exactness of the Yangian symmetry 
at the level of the amplitudes is obscured by the infrared divergences, which arise when actually 
computing the scattering amplitudes. Indeed, even if tree-level amplitudes are invariant under 
the symmetry (except on singular kinematic configurations), at loop level the divergences break 
it. Much effort has been put into the understanding of its fate at higher loop orders. Indeed the 
importance of symmetries in a theory is remarkable, as they strongly constrain the structure of the 
scattering amplitudes, acting in a predictive way. For instance, the anomalous Ward identity of 
the dual conformal symmetry indicated that the Bern-Dixon-Smirnov ansatz for the finite part of 
the n-point MHV scattering amplitude could fail starting from six points. Therefore, the analysis 
of the symmetry properties of a theory is fundamental in understanding its behaviour. 

This paper aims to present an overview of these topics, with particular emphasis on the 
Yangian symmetry. In the next section we review basic notions about Yangian algebras and rep- 
resentations, with special attention to the oscillator representation. Then in section 3, we give 
some details on the structure of superamplitudes and on the superconformal and dual supercon- 
formal symmetry of A/" = 4 SYM. We show how they combine in a Yangian structure and how this 
acts on the amplitudes. We also discuss the duality between Wilson loops and MHV amplitudes. 
In section 4 we deal with the topic of Yangian invariants. In particular, we begin by reviewing the 
Grassmannian formulas, which compute leading singularities through contour integrals. Then in 
the very last part we discuss a recently proposed finite function, constructed from a combination 
of Wilson loops, which is Yangian invariant at one loop at least in a special kinematics. 



2 Yangian algebra and representations 



We begin our overview by recalling some major notions about Yangian algebras, which will be 
useful later on. We focus on the non-graded case (Lie algebras), but everything can be extended 
straightforwardly to super algebras. Detailed introductions to this subject can be found for instance 

in [1, 2, 3]. 



The definition of Yangian algebra was first introduced by Drinfeld in [4, 5] . Let us call q the 
simple Lie algebra spanned by the generators J^: 

[JajJb] = fab^Jc, (1) 

where /^^'^ are the structure constants of g and^ a = 1, . . . , dimg. The Lie algebra is an Hopf 
subalgebra of the Yangian wih trivial coproduct A : g — )■ g (8) 0, which acts on the generators in 
the following way 

A(J„) = J, ® 1 + 1 ® J, . (2) 

The Yangian Y{q) of a Lie algebra g is then the Hopf algebra generated by the set of Ja's (which 
form the so-called level zero) together with another set Ja , the level one, which obeys 

[Ja, Jb \ = Jab Jc ) (3) 

therefore transforming in the adjoint representation of g. The coproduct A : ^(g) — )> Y{q) ®Y{q) 
acts non-trivially on the level-one generators 

A(^i'^) = J^P®l + l® J« + ifa^'Jb ® Jc , (4) 

where 7 is any number different from zero^. By requiring A(Ja ) to be an homomorphism, the 
commutator between level-one generators is constrained by the Serre relations: 

\J^^\ [Ji'\ Jc]] + [J^b\ [J^\ja]] + [^«, [J^^\ Jb]] 
= X^h Jm, Jrifjar Jbs Jet J ; (5) 

where {A, B, C} is the symmetrized product of the three generators A, B and C . Given these 
relations, the infinite number of levels of the Yangian algebra is completely generated. For instance 
the second level will be constructed from the commutation relations of level-one generators: 

[J^\ji"\ = fab'ji'^ + KJ,J^'^) (6) 

with /i( J, J*^^^) a function of the level zero and one being constrained by (5). The coproduct helps 
to build general representations from simple ones. For instance, if the space where we act is a 
multi-site space, given by the tensor product representation of n vector spaces, then the generators 
will be defined as follows: 

n 

^a / J Ja,i -I \' ) 

1=1 

n 

J^a^= E /a'%'^e,, + $^C,J,,fc, (8) 

l^j<jr'^n fc=l 



^In the following wc will use lower-case letters a for the adjoint representation and upper-case A for the funda- 
mental one. 

^ Since it does not change the relations below, we will choose it to be one. 



where the definition (8) of level-one generators in terms of the level- zero set is the so-called bilocal 
formula and it is given by the coproduct (4). We will show explicitly how the coproduct actually 
works in the next section. The Ck which enter in the bilocal formula are free parameters which 
will show up again in the last section. 

For the reader familiar with loop algebras, we note that the Yangian is somehow a "half-loop" 
algebra, being defined by 

[e\t^^] = /a.^e+™\ (9) 

where n^m E Z+ define the level of the generators. 

Another presentation of Y{q) is given by the R-matrix. Here we just want to mention that 
the generators of the Yangian algebra can be arranged in a generating function 

oo 

t^^{u) = Y,u-X'' (10) 

n=0 

where u is the spectral parameter, n is the level and t^^ = S^^. If we consider Y{gl{N)), by 
introducing an auxiliary space Eab, one can define a matrix T{u) 

N 

T{u)= Y, t^''{u)®EAB (11) 

A,B=l 

and a matrix Ruiu — v) 

Ri2{u-v) = 1n^1n Pl2 (12) 

u — V 

where F12 is the permutation operator F12 = X^a b=i Eab®Eba ■ Then the so-called RTT relation 

Ri2{u - v)Ti{u)T2{v) = T2{v)Ti{u)Ri2{u - v) (13) 

is equivalent to all the Yangian relations when expanded in series of - and -. 
We mention it here because the same R-matrix (12) appears in spin chains and it is the building 
block of the monodromy matrix T{u) obeying the equation (13). When the Hamiltonian of a spin 
chain can be obtained with a monodromy matrix, the system is integrable, in the sense that it is 
completely solvable. This is one of the reasons why the Yangian symmetry in A/" = 4 SYM has 
received a lot of attention in the last years, as we will discuss in the following. 



2.1 Representations of Yangian algebra 

Let us consider as an example g = sl{m), which will be useful in discussing scattering ampli- 
tudes. An interesting representation vr satisfying all the properties listed above is the oscillator 



representation [4, 6]. The one-site level-zero generators are written in terms of the W"^ oscillator 
variables 

oW^ m 
where A, B = 1, ... ,171 and the operator h is the generator of U{1) in gl{m): 

h = n{J%) = W^^ , (15) 

where summation over contracted indices is implicit. The operator h being central, we can de- 
compose the space of functions of the W^ into those of fixed degrees of homogeneity h. Thus we 
can think of W as homogeneous coordinates on CP™~^. Our representation acts on functions with 
fixed degrees of homogeneity on this space (which we will denote as J-'(CP™^^)). The representa- 
tion of the level-one generators can be obtained through the evaluation map [1], which constructs 
the level-one operator J*^^) in terms of the algebra generators J: 



7r,(J«'^) = /x 7r(r) + i^rfV7r(J^J^) (16) 

where /x is a free parameter and 
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he 



dV = Tr[r(J6Je + JeJ6)] . (17) 

We could compute this explicitly but there is a shortcut to the answer. In order to represent the 
level-one operator J'^^^^b we need to write down an operator in the adjoint representation. Since 
the operator h is central (and so can be assigned some fixed numerical value) our only choice is 



TT,. 






As we have previously mentioned, we construct further representations acting on the tensor prod- 
uct J-'(CP™~^) ® . . . ® J^(CP™~^) by using the coproduct. To construct now a two-parameter 
representation for two sites, we use (2) for the level zero 

(tt., ® 7r,J {J^b) = tIuA'J^b) ® 1 + 1 ® 7r,,(J^B) (19) 

and (4) for the level-one operators 

(tt., ® vr^J (J(i)^b) = TT,, [J^'^^b) ® 1 + 1 ® tt,, (J(i)^^) + fMc^T^.AJ'^D) ® n,,{J\) (21) 

d „,, d 6iJ^ .n d 



-^^t^w^ + '^^^^'tmf^-;!^-^^' 



dWf ' '^"'' dW^ m ^"'"* dW^ 



i=l 



+ l»"''5lF»"ai^-<'-^)l- (^^' 



where with {i,j) we mean the exchange of the i and j indices. By repeated apphcation of the 
coproduct and the projection with tv^^ on the zth site, the representation for n sites reads 

MJ\) = J:(wfjTs-iSih), (23) 









where u = (z/i, . . . , z/„) is a hst of free parameters. Equation (24) is the bilocal formula (8). For the 
sake of simphcity, in the following we will use the symbols J and ji to denote this representation 
of the level- zero and level-one generators. Together the operators J^b and jl b generate the 
Yangian Y{sl{m.)). The operators 

/>. = Wf^ (25) 

are central and so we can decompose the space of functions of the Wi into spaces of fixed homo- 
geneity in each of the Wi separately. In the following we will explicitly use these results in the 
context of scattering amplitudes. 



3 Scattering amplitudes, symmetries and Wilson loops 



In this section we describe some properties of (colour-ordered) scattering amplitudes in A/" = 4 
SYM. In particular we will focus on the symmetries of the theory and on the duality between 
Wilson loops and maximally-helicity violating amplitudes. 



3.1 Superamplitudes and symmetries 

The on-shell supermultiplet of A/" = 4 super Yang-Mills theory is conveniently described by a 
superfield $, dependent on Grassmann parameters r]"^ which transform in the fundamental repre- 
sentation of su{4). The on-shell superfield can be decomposed as follows 

^P,V) = G^ip)+ii^TAip) + I^V^V^'SABip) + i^v''v''v''^ABCDr''ip) + iv'^v'^v'^V^'^ABCDG-ip). 

(26) 
Here G~^, Ta, Sab = ^^abcdS , T , G~ are the positive helicity gluon, gluino, scalar, anti-gluino 

A 

and negative hehcity gluon states respectively. Each state (p G {G+, Fyi, S'ab, F ,G~} carries a 
definite on-shell momentum. In the following we will use the spinor-helicity formalism, which is 



a very useful tool for describing scattering amplitudes of massless particles. The condition p^ = 
translates into writing the momentum as a bi-spinor 

p"° = A^A'^, (27) 

where A" and A" transform in the (2, 0) and (0, 2) representations of the Lorentz group. The 
space defined by (A", A", 77"^) is called on-shell superspace. Each state has a definite weight h 
(called helicity) under the rescaling 

A^aA, A^a-^A, (/)(A, A) ^ ^-^^(A, A) . (28) 

The hehcities of the states appearing in (26) are {+1, +|, 0, — |, —1} respectively. If, in addition, 
we assign rj to transform in the same way as A, 

r]"^ -^ a-^7]^ , (29) 

then the whole superfield $ has helicity 1. In other words the helicity generator 

'--K5|: + iX"|- + i„-^^ (30) 

acts on $ in the following way, 

h^ = $. (31) 

When we consider scattering amplitudes of the on-shell superfields, then the helicity condition (or 
'homogeneity condition') is satisfied for each particle, i.e. 

/iiA(<^i, ••-,$«) =A('^i,---,<^n), i = l,...,n. (32) 

The superamplitude An can be expanded in terms of the Grassmann parameters rjf and written 
as follows 



An — An + v^n + . . . + A^ — /i r)\ /oo\ / ^\'^n[\,\,Vi)i I'J'j) 

where S^ (g) = n^^^n^^i 2 (X^iLi ''^iaVf) is a Grassmann delta function, consequence of supersym- 
metry, and (ij) = e^^A^A^. The function P„, which will appear again later on, is a polynomial in 
the rji^s and carries no helicity 

h.iPn = 0, i = l,...,n. (34) 

At tree level, the function Vn is finite and its explicit form was given in [7]. At loop level, it 
contains infrared divergences which need to be regularized. The regularisation procedure has the 
effect of breaking the symmetries of the theory, as we are going to discuss now. 

Since A/" = 4 SYM is a superconformal field theory, one expects this to be reflected in the 
structure of the scattering amplitudes. This turns out to be true for tree-level amplitudes but 

6 



not at loop level, where the presence of infrared divergences spoils the symmetry. Therefore one 
should consider the invariance of the full S-matrix under psu{2, 2|4) rather than of the amplitudes 
individually. If we denote with ja any generator of the superconformal algebra psu{2,2\4) 

ja e {p°", g"^, q% m^fs, fn^p, r'^B, d, s%s^, Ka} (35) 

then we can write at tree level 

JaAT = 0. (36) 

The invariance was shown directly by applying the generators to the explicit form of the amplitudes 
in [8] for MHV amplitudes and [9] for NMHV amplitudes. In fact (36) is not completely exact, 
because of the so-called holomorphic anomaly [10, 11, 12]. This is given by special configurations 
of the external momenta, and specifically when two adjacent momenta become collinear. Even 
if at tree level this effect can be thought as negligible, since it is given just by some particular 
configuration, at loop level it must be taken into account due to the integration over the loop 
momentum running over the whole phase space. Moreover, at loop level there are effects due to 
the infrared regularisation procedure. These effects can be taken into account by deforming the 
superconformal generators and in [10, 12, 13] it was shown how to redefine them in such a way to 
restore symmetry at one loop. 

But the ordinary superconformal symmetry is not the full story. It has been revealed [15] that 
there exists also a hidden symmetry, which is not manifest in the on-shell superspace coordinates, 
the so-called dual superconformal symmetry with generators Ja- This second psu{2,2\4) algebra 
is the T-dual version of the standard one, and this property corresponds very naturally to the 
T-self-duality of the AdS sigma model [16, 17, 18]. The existence of such a symmetry was shown 
by defining a dual superspace (x"",^""^) through the relations 

and re-expressing the amplitudes in terms of the dual coordinates 

An = , " , , ^ ' VJxi, Oi). 38 

(12)(23)...(nl) ^ ' ' ^ ^ 

In this space, dual superconformal symmetry acts canonically and it also acts on the on-shell 
superspace variables in order to be compatible with the constraints (37). In Appendix A we 
give the explicit expressions of the standard and dual superconformal generators. Some of the 
generators Ja do not leave the amplitudes invariant. Indeed, under the dual superconformal 5"""^, 
special conformal X"" and dilatation D operators the amplitudes are covariant [15, 19]. By simply 
redefining these generators [20], the covariance can be rephrased as an invariance of An in such a 
way that at tree level 

J'aA'r = , (39) 

where J^'s are any generator of the dual copy of psu{2, 2|4) 

J'a e {P^^,Q^A,Qi,M^f,,M.^,R^B,D',S'^^XA,K"'''}- (40) 



The redefined generators still satisfy the commutation relations of the superconformal algebra, 
but now with vanishing central charge, C = 0. In order to have both symmetries acting on 
the same space, it is useful to restrict the dual superconformal generators to act only on the on- 
shell superspace variables (Aj, Aj, iji). Then one finds that the generators Paa, QaA become trivial, 
while the generators {Q, M, M, R, D', S} coincide (up to signs) with generators of the standard 
superconformal symmetry. The non-trivial generators which are not part of the ja are K' and S". 

In [20] it was shown that the generators ja (35) and S' (or K') together generate the Yangian 
of the superconformal algebra, Y{psu{2, 2\4)). As we have already commented, the presence of 
a Yangian structure suggests once more the integrability of A/" = 4 SYM. This had already been 
pointed out from the evaluation of the spectrum of anomalous dimensions [21, 22, 23] and, through 
the AdS/CFT correspondence, in the classically integrability of IIB superstring on AdSsxS^ [24]. 
In particular, the generators ja form the level- zero psu{2,2\4) subalgebra as in (1), while the level 
one is generated by considering S' or K' in (3) . Let us stress that the choice of S' or K' does not 
change the Yangian, since [K' , Q] = S'. The level-zero generators are represented by the sum over 
single particle generators (7), 



Ja 



E^'^- (41) 



fc=i 



while the level-one generators are obtained via the bilocal formula (8) 

ji'^=/a^'$^jWfc'c, (42) 

k<k' 

where for the time being the parameters c^ can be set to zero. In [25] it was demonstrated that 
under certain conditions, which turn out to be satisfied by the oscillator representation in exam, 
the formula (42) is sufficient to define the Yangian, so that the Serre relations are automatically 
satisfied. The bilocal formula also respects the cyclicity of the amplitudes for the case oi psl{n\n) . 
Thus finally the full symmetry of the tree-level amplitudes can be rephrased as 

yAT = 0, (43) 

for any y G Y{psu{2, 2|4)). As we have already mentioned, at tree level there are correction terms 
of the superconformal symmetry given by the holomorphic anomaly. With these deformations, 
the algebra (1) does close only modulo gauge transformations [10]. By using the bilocal formula, 
the deformations are directly inserted in a new definition of level-one generators. At loop level, 
one can again define deformed level-zero and -one generators [12, 13]. In both tree- and loop-level 
cases, it has not been checked that the deformed generators close into a Yangian algebra. 

In [14] it was demonstrated that there exists an alternative representation of the symmetry, 
which can be viewed as the Yangian version of the T-self-duality property of the full AdSsxS^ 
background of the string sigma-model [16, 17, 18]. In this case, it is the unmodified dual super- 
conformal symmetry Ja which plays the role of level- zero subalgebra. Now it is the function Vn, 



so the amplitude with the MHV part factored out, to be left invariant at tree level 

JaVT = • (44) 

The level one is then provided by some of the (modified) standard superconformal generators. 
Similarly to the previous case, the generators of translations p"" and supertranslations q^"^ are 
trivialised while kaa and s'\ are redefined in such a way to annihilate V^'^'^. Then J a and k' (or 
s') generate the Yangian of the dual superconformal algebra. Therefore there are two equivalent 



.•(1) 



K,S^ 



p,q.^ 




.h, s 



ZQ 



j(i) 



J 



T-duality 



Figure 1: The tower of symmetries acting on scattering amplitudes in 7\A = 4 super Yang-Mills theory. 
The original superconformal charges are denoted by j and the dual ones by J. Each can be thought of as 
the level-zero part of the Yangian y(psu(2,2|4)). The dual superconformal charges K and S form part 
of the level-one j^^' while the original superconformal charges k and s form part of the level one charges 
J^^K In each representation the 'negative' level (P and Q or p and q) is trivialised. T-duality maps j to 
JandjW to J(i). 

ways of looking at the full symmetry algebra of the scattering amplitudes. We summarize them 
in Table 1, where we introduce the twistors Z-^ and momentum twistors W"^. The formulation in 
these spaces has a particularly simple form [20, 14], and in particular the level-zero generators are 
linearised in terms of these variables in both spaces. Moreover, the identical formulations show 
explicitly the T-self-duality property. The twistor coordinates are defined as Z-^ = (/i", A", r/"^), 
where jl is the Fourier conjugate of A. The momentum twistors are instead W"^ = (A", //", x"^), 
where /x" and x^ are defined through the incidence relations 



^i 



t""A- 



Xi 



laA 



A,:, 



(45) 



Twistor space 



Momentum twistor space 



3 B 






Y.^'- 



d 



dZf 



jA 



Y^wf- 



d 



dWf 



Z^^Z^ ^ 



dz9^ dzf 



[^.3] 



J(1)A 



E(-i: 



W^Jr^W"^ ^ 



i<j 



dWf ' dWf 



{h3] 



3-^11 3 •^n u 



J I rt. *J In. U 



Table 1: Yangian generators in twistor and momentum twistor coordinates. 

This is the standard twistor space associated to Wilson loops and was recently introduced in [26] . 
One of the most useful properties of the momentum twistors is that the lightlikeness constraint 
and momentum conservation are already implemented via the incidence relations (45). 
The T-dual relationship between twistor and momentum twistor space is exactly the property 
which appears in the Grassmannian formulas of [27] and [28], as we will explain in section 4. 

Before moving to the Wilson loop/amplitude duality, we want to point out some references 
about recent results related to the topics discussed above. In particular, we want to mention 
that there is another alternative regularisation which preserves the dual conformal symmetry 
at loop level [29, 30, 31] by going to the Coulomb branch of the theory. See [32, 33, 34] for 
higher dimensional related theories. Another very interesting result is the enhancement of the 
]9stt(2, 2|4) algebra through the hypercharge generator 55, which measures the helicity of scattering 
amplitudes. While 23 is broken, the level-one helicity generator associated to it is a symmetry of 
the amplitudes in A/" = 4 SYM. See [35] for more details. 



3.2 MHV amplitude/Wilson loop duality 



In the following we will describe the duality between MHV amplitudes and Wilson loops, which 
will be useful for the last section. For some recent papers about the extension of the duality to 
non-MHV amplitudes at weak coupling see [36, 37, 38]. 



The MHV amplitude is one term of the superamplitude An when expanded in terms of the 
Grassmann variables rjiS (33) and can be written as follows: 



iMHV 



iMHV 



Like Vni the function M„ is the loop-correction factor and does not carry any helicity, that is 
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completely encoded in the prefactor. The exponentiation of infrared divergences leads to write 

log Mn = [IR divergences] + F^^^'^bi, . . . , p„; a) + 0(e) (47) 

where a = |;^ is the 't Hooft coupling. The first term on the RHS, encoding the infrared 
divergences, is well understood in A/" = 4 SYM. In particular, the leading IR singularity is a 
double pole, proportional to the cusp anomalous dimension. This quantity is known to be related 
to ultraviolet divergences of Wilson loops with cusps in QCD [39, 40, 41]. The finite part is instead 
under strong analysis in the last years, and many developments in its computation have been 
achieved recently. Indeed in [42] Bern, Dixon and Smirnov (BDS) proposed an ansatz for F^^^ 
based on calculations of the four-point amplitude and verified to hold for five-point scatterings. 
In the meanwhile, using the AdS/CFT correspondence, in [43] it was showed that in the strong 
coupling regime there is a relation between planar n-gluon scattering amplitudes (the dependence 
on the helicity configuration of the amplitude appears as a subleading effect at strong coupling) 
and Wilson loops defined on closed light-like contours C„: 



W„ = {0\V expiigd) A\ |0). (48) 

This means that not only the IR divergences of the scattering amplitude match the UV divergences 
of the light-like Wilson loop given by the cusps. It also implies that the finite parts have to coincide. 
Then it was conjectured and verified that such a duality exists also in the perturbative regime 
for MHV amplitudes [44, 45, 46, 47, 48, 49]. It formally arises from the identification of particle 
momenta with the dual coordinates (37) 

Xi - Xi+i = Pi, {xi - Xi+if = , (49) 

and a formula similar to (47) can be written for the Wilson loops in dual space: 

log Wn = [UV divergences] + F^^{xi, . . . , x„; a) + 0(e) . (50) 

Therefore the Wilson loop Wn can be seen as the MHV scattering amplitude with the tree-level 
part factored out, upon going from on-shell to dual coordinates. The duality then is really a 
statement on the finite parts (up to an additive constant) 

i^r ^ = i^r + const , (51) 

upon the identification (49). The dual conformal symmetry for the scattering amplitudes, whose 
supersymmetric formulation we have discussed in the previous section, is the ordinary conformal 
symmetry of Wilson loops. The dual space is the configuration space for the Wilson loops and for 
this reason, the breaking of the symmetry is under control through anomalous Ward identities. 
In particular it has been found [46, 47] that 

-. n 2 

K'^Fr (xi, . . . , x„) = -r_p(a) J2 <Mi log ^r^ ■ (52) 
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Using these Ward identities, it was shown that the BDS ansatz can differ from the Wilson loop 
result by a non-trivial function of {3n — 15) conformal invariants UijM 

"^vki - 2 ^2 • y^'^) 

Since the first case where the conformal cross-ratios (53) can appear is at six points, the BDS 
ansatz, centred upon four- and five-gluons amplitudes, did not detect this term. The discrepancy, 
called remainder function 7^, has been verified to be non-zero at two loops and beyond, and for 
six or more points [48]-[54]. Thus we can write the finite part as the sum of two contributions 

^WL ^ ^anom(^^^ . . . , x„; a) + 4(^1, . . . , zx„; o) . (54) 

If we choose _F^'i°™ to coincide with the BDS ansatz for the MHV amplitude, then /„ coincide 
with the standard definition of TZ. But there are alternative definitions of the anomalous part 
which modify it by adding some function of invariants and subtracting the same function from 
the remainder function. We will delve into this in the last section. 



4 Yangian invariants 



We want now to address the issue of Yangian invariants. We will begin by reviewing recent results 
on the connection between Grassmanians, Yangian invariants and scattering amplitudes. Then 
we will focus on a particular function constructed through Wilson loops, which turns out to be 
Yangian invariant at one loop. 



4.1 Superamplitudes and Grassmannians 

In [27] a remarkable formula was proposed which computes leading singularities of N'^~^MHV 
scattering amplitudes in the A/" = 4 super Yang-Mills theory. It was formulated in twistor space 
and takes the form of an integral over the Grassmannian G{k,n), the space of complex fc-planes 
in C", of certain superconformally invariant delta functions 

^*<=<='<(^) = / 1?^ n >'" it -"A ■ (55) 



^ Mx...Mn -, 

Here the Cai are complex parameters which are integrated choosing a specific contour. The denom- 
inator is the cyclic product of consecutive ik x A;) minors M.^ made from the columns p, ■ ■ ■ , p+k — 1 
of the (A; x n) matrix of the Cai 

Mp = {pp + lp + 2...p + k-l). (56) 
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The integrand is a specific k{n — /c)-form to be integrated over cycles, with the integral being 
treated as a multi-dimensional contour integral. The result obtained, and therefore the leading 
singularities, depends on the choice of contour and is non- vanishing for closed contours because the 
form has poles located on certain hyperplanes in the Grassmannian. The formula (55) has a T-dual 
version [28], expressed in terms of momentum twistors. The momentum twistor Grassmannian 
formula takes the same form as the original 

a=l i=l 

but now it is the dual superconformal symmetry that is manifest. The integration variables 
tai are again a (fc x n) matrix of complex parameters. The formula (57) produces the same 
objects as (55) but now with the MHV tree-level amplitude factored out. Thus they contribute 
to N'^MHV amplitudes. The equivalence of the two formulations (55) and (57) was shown in [55], 
through a change of variables. Therefore, since each of the formulas has a different superconformal 
symmetry manifest, they both possess an invariance under the Yangian Y{psl{4\4)). The Yangian 
symmetry of these formulas was explicitly demonstrated in [14] by directly applying the Yangian 
level-one generators to the Grassmannian integral itself. In particular it was shown that J^^^'^b 
on jCmsO^) yields a total derivative, which guarantees that C is invariant when the contour is 
closed. It was later shown [56, 57] that the form of the Grassmannian integral is uniquely fixed 
by requiring Yangian invariance. Specifically, in [56], by using the methods developed in [14], it 
was demonstrated that one cannot modify the integrand by a non-constant multiplicative function 
without breaking Yangian invariance (in the case of zero- homogeneity condition). 

At loop level it has recently been realised that the above statements all hold at the level of 
the (unregularized) all-loop planar integrand [58]. The integrand at a given loop order has been 
constructed from its singularities via a generalisation of the BCFW recursion relations, whose each 
term is individually invariant under the full Yangian symmetry up to a total derivative. But at 
the level of the actual amplitudes the situation with the full symmetry is less clear. The Yangian 
invariance is broken by the action of integrating over specific contours, which leads to infrared 
divergences. 

There has been a very recent result [59] for the Yangian invariance at one loop for Wilson loops 
(or equivalently MHV amplitudes), as we are going to describe now. 



4.2 Wilson loops and the ratio function 

In section (3.2) we have reviewed the duality between MHV scattering amplitudes and Wilson 
loops. As we have pointed out, much effort has been put on evaluating the finite part F^^, as 
the divergent piece of Wilson loops is already well understood. However the definition of i^^^^o™ in 
(54) is ambiguous because it can be modified by any function of the available conformal invariants. 
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Figure 2: The four different Wilson loops entering the definition of the ratio (58). The reference square 
is shown by the dashed line. The bottom and top Wilson loops are obtained by replacing a sequence of 
edges by the corresponding part of the square. 

An example is the definition of the 'BDS-hke' piece of [60] where the anomalous part depends 
only on the shortest distances x'fi^2- -^ particularly interesting definition for the decomposition 
was made in [61]. In this case one picks two of the light-like edges and forms a light-like square 
by picking two more light-like lines intersecting them both. Then one can consider four different 
Wilson loops. The original Wilson loop Wn, the Wilson loop on the square Wgq and the Wilson 
loops formed by replacing the top or bottom set of intermediate edges by the corresponding part 
of the square, VFtop and Wbottom respectively. This is best illustrated by Fig. 2. A conformally 
invariant quantity, function of the cross-ratios Ui, . . . , Uf^, can be defined by the following ratio of 
the Wilson loops 



log 



W„W. 



sq 



W^topW^bottom 



(5^ 



Unlike the usual definition of the remainder function TZ, Tn is non-zero already at one loop. It is 
also not cyclic invariant since its definition requires a choice of two special lines from which to 
form the square. This choice essentially corresponds to the choice of OPE 'channel' in which one 
expands the Wilson loop over exchanged intermediate excited flux tube states [61]. The quantity 
Tn is particularly simple at one loop. It corresponds to the connected part of the correlation 
between the two Wilson loops. A further simplification is obtained when considering restricted 
two-dimensional kinematics as in [60]. In this case one needs an even number of sides to the 
Wilson loops, alternating in orientation between the x^ direction and the x~ direction as one 
travels round the loop. The number of independent cross-ratios is reduced in the two-dimensional 
kinematics. In fact there are (n — 6) independent ratios left from the original (3n — 15). Since n 
is always even, the first non-trivial ratio is therefore at eight points. 

As we are delving with Wilson loops, thus with the function M„ defined in (46), we consider the 
s/(4) bosonic subspace of momentum twistors Wf^ = (A",yu") and functions with no helicity 

(59) 



h, = W, 



c 



dWp 







Actually, when restricting to the special two-dimensional kinematics, the twistor variables are also 
restricted and preserve two commuting copies of sl{2) inside s/(4). Specifically we can decompose 



14 



the W^^ into upper and lower components each transforming under its own sl{2). The alternating 
orientations of the lines correspond to an alternating between twistors transforming under the two 
copies of sl{2). We take the odd-numbered twistors to transform under the first copy and the 
even-numbered ones to transform under the second copy, 

WW. ^ (-„«) . W« ^ {I) . (60) 

In this two-dimensional case the cross-ratios are simply 

(17) (35)' (28)(46) ' ^ ' 



with (ij) = eAiA2^i ^^j ^ ■ The ratio r„ is simple to compute since the relevant Wilson loops are 
known at one loop [45] to coincide with the one-loop MHV amplitudes [62] through the duality. 
In the special two-dimensional kinematics all quantities can be expressed in terms of logarithms 
[60, 63]. Remarkably the function rg at one loop is none other than [64] 

rg = g^ log u log V + const . (62) 

Also the Yangian symmetry is restricted to the Y{sl{2)) © Y{sl{2)) subalgebra. Following section 
2, in particular the formulas (7) and (8), we can write the generators of the two copies of Y{sl{2)) 
as (we recall that /ij = 0) 

i odd ' i<j odd ^ ' J ^ i odd ' 

T, = y wf— , 1^% = y (wf^w'~ - {i,j)) + y mt~ ■ (64) 



I even 



dwV ..^ \ 'dw'^ 'dw' ''■"' .^ 'dm 



Here a,b and a,b run from 1 to 2 and the Vi^ViS are the free parameters we had indicated by 
Cfc in (8). Now let us consider functions of the Wi which are invariant under the action of the 
Yangian generators. Let us start with the level-zero conformal algebra. As we are just interested 
in s/(2)-invariant functions of the tOj, we can have any function of the invariant quantities, 

(^1^2) = e«,«,« . (65) 

By requiring homogeneous functions with degree zero in all of the Wi, we must consider functions of 
homogeneous ratios of the invariants in equation (65). The first possibility to form a homogeneous 
ratio is at four sites (1,2,3,4) where we can write 

(13)(24) 

^=(14)M' ^ ^ 

which is the only independent invariant. The only other possibility is related to u using the cyclic 
identity {ij)w1 + {jk)w1 + {ki)wj = 0, 
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Thus the sl{2) invariant functions on four copies of (CP^) are functions of u. Requiring that they 
are also Yangian invariant functions means that we have to solve the equations 

4'^^/(^) = • (68) 

Obviously a constant function is always a solution of the equations. There exists also a non-trivial 
one-parameter solution given by hypergeometric functions, 



f^{u) = — — 2^i(l,l + /U,2 + /i;l- w), fx = 1(1/2 - ui) , (69) 



l + /i 

with the constraint z^i — ^3 = ^2 — ^4 = 2. These functions represent the only homogeneous 
functions at four sites which are also Yangian invariants. If we consider the special case yU = 0, 
whose related values of the weights t'j's correspond to demanding cyclicity of the four-site level-one 
generators, we get: 

foiu) = il-u) 2Fi(l, 1, 2; 1 - m) = log^x , (70) 

which is exactly one of the terms in (62) after renumbering of the sides. Thus finally we can write^ 

J\logu = 0, 4'^MogM = 0, z7=(l, 1,-1,-1). (71) 

Therefore rg is Yangian invariant under two copies of the Yangian Y[sl{2)) for the choices u = 
(1,1,-1,-1) and z/=(l,l,— 1,— 1) where the entries range over the odd and even values of the 
light-like segments respectively. Moreover, as pointed out in [64] , at one loop there is a very simple 
relation between r„ and rn-2 for a given choice of reference square. This amounts to the fact that 
at one loop the Wilson loops are additive in nature. We can use this reduction argument to write 

r„ = /(r„_2) = g{rn-A) = ... = h{rs) . (72) 

Thus we conclude the r„ is always invariant under the two commuting Yangians with a natural 
representation corresponding to the choice of OPE channel (i.e. choice of reference square). 

This analysis leads us to one of the most urgent questions in this respect. It is indeed the first 
indication that the Yangian symmetry seen at the level of the tree amplitudes (or the integrand 
for loop amplitudes) exhibits itself in a simple and natural way on the functions at one loop. Of 
course in the case presented, there are only two copies of the bosonic Yangian Y{sl{2)), not the full 
Y[psl{4\4)). The fate of the symmetry beyond one loop and the special momentum configuration 
is still unknown. However the above results are a strong indication that it should be still present 
in the general case. 
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^For the details of the computation see [59]. 
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A Ordinary and dual superconformal generators 



We list here the exphcit expressions of the generators of the conventional and dual superconformal 
symmetries. We will use the following shorthand notation: 



d d d d d 

a^' ^--4 = 5^' "^^"^aA"' ^*""aF' ^'^^H 



The generators of the conventional superconformal symmetry are 

aa _ Sr^ \" A" h ■ — \^ f)- f) ■ 

i i 

i i 

d = Y^ilXtd^a + ^K^^a + 1], r^B = J2[-vfd.B + ISivfd^c] , 

i i 

q-^ = J2 Xtvf , <!i = Yl ^^^^ ' 

i i 

i i 

c = ^^[1 + i^r^- - ^>^^^a - '^vfd^A] , (A.2) 

i 

where with (a/?) we mean the indices symmetrized. The generators of dual superconformal trans- 
formations can be constructed by starting with the standard chiral representation and extending 
the generators so that they commute with the constraints, 

[Xi — Xi^ijaa — Ajo AjQ = , [Oi — ^j+i)q — XiaTI^ = . (A. 3) 
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By construction they preserve the surface defined by these constraints, which is where the amph- 
tude has support. The generators are 

i i i 

i i 

i 
n — \ ^[_/r'^"r) — lfl°'^f) — 1 X"r) — iX"r) 1 

i 

i 

i 

SaA = ^^[a^ia dipA + Ajq^ja] , 
i 

Note that if we restrict the dual generators Q,S to the on-shell superspace they become identical 
to the conventional generators s, q. 
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